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Abstract. In multi-label learning, the relationship among labels is well accepted
to be important, and various methods have been proposed to exploit label relationships. Amongst them, ensemble of classifier chains (ECC) which builds multiple
chaining classifiers by random label orders has drawn much attention. However,
the ensembles generated by ECC are often unnecessarily large, leading to extra
high computational and storage cost. To tackle this issue, in this paper, we propose selective ensemble of classifier chains (SECC) which tries to select a subset
of classifier chains to composite the ensemble whilst keeping or improving the
performance. More precisely, we focus on the performance measure F1-score,
and formulate this problem as a convex optimization problem which can be efficiently solved by the stochastic gradient descend method. Experiments show
that, compared with ECC, SECC is able to obtain much smaller ensembles while
achieving better or at least comparable performance.
Key words: multi-label, classifier chains, selective ensemble

1

Introduction

In traditional supervised learning, one instance is associated with one concept; but in
many real-world applications, an object is naturally associated with multiple concepts
simultaneously. For examples, a document may belong to multiple topics [14], an image
or a music can be annotated with more than one words [1, 24]. Obviously, one label per
instance is not capable of dealing with such tasks, and multi-label learning which associates each instance with multiple labels simultaneously has become an active research
topic during the past few years [17, 6, 8, 28, 16, 2].
A straightforward approach to multi-label learning is the binary relevance method,
which decomposes the task into a number of binary classification problems, each for
one label [1]. However, such a method is usually not able to achieve good performance,
since it neglects the relationships between class labels, which have been widely accepted to be important [4, 27]. In the literature, many methods have been proposed to exploit
label relationships. Read et al. [16] introduced classifier chain (CC) to incorporate class
relationships, whilst trying to keep the computational efficiency of the binary relevance
method. Specifically, like the binary relevance method, each CC is also consist of multiple binary classifiers each for one label, but these binary classifiers are linked in a chain
such that each incorporates the class predicted by the previous classifier as additional
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Fig. 1. The performance of ECC with different ensemble sizes on CAL500, where hamming loss
and one-error are considered. For the selective ensemble, the nine CCs are selected based on the
performance on test data from the first twenty CCs via exhaustive search.

attributes. Obviously, the quality of CC is dependent on the label orders in the chain.
Rather than selecting one good label order, ECC [16] constructs multiple CCs by using
different random label orders, and it combines them for prediction by a voting scheme.
This method has drawn much attention [4, 26, 11].
Generally speaking, by combining more diverse CCs, the performance of ECC tends to improve and converge. For example, as illustrated in Fig.1, both hamming loss and
one-error decrease when the ensemble size increases, and they converge after ensemble
size reaches about fifty and thirty, respectively. However, one problem is that the ensembles constructed by ECC tend to be unnecessarily large, which requires large amount
of memory storage and also decreases the response time for prediction. As an example, in Fig.1, we can see that similar even better performance can be achieved by using
only nine out of the first twenty classifiers, this indicates that the original ECC is quite
redundant and it can be largely pruned.
In this paper, we propose the selective ensemble of classifier chains (SECC) method,
which tries to reduce the ensemble size of ECC whilst keeping or improving the performance. Specifically, by focusing on the frequently-used performance measure F1-score,
we try to optimize an upper bound of the empirical risk, and formulate the problem into
a convex optimization problem with `1 -norm regularization, also an efficient stochastic optimization method is presented to solve the problem. Experiments on image and
music annotation tasks show that SECC is able to obtain much smaller ensembles than
ECC, while its performance are better or at least comparable to ECC.
The remainder of the paper is organized as follows. Section 2 briefly reviews some
related work. Section 3 presents our proposed SECC method. Section 4 reports the
experiment results, which is followed by the conclusion in Section 5.

2

Related Work

In the past few years, many multi-label learning methods have been proposed in the
literature, which generally fall into two groups. The first group include algorithm adaptation based methods, which try to modify an algorithm to make multi-label predictions;
representatives include BoostTexter [17], ML-kNN [28], HMC tree [25], etc. The other
group of methods try to perform problem transformation, where a multi-label problem
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is transformed to one or more other problems, which can be solved by using existing
methods. For example, it was transformed into binary classification problems [1, 4, 16],
multi-class classification problems [23, 15], and ranking problems [6, 7]. In practice,
problem transformation based methods are attractive due to its scalability and flexibility, that is, any off-the-shelf methods can be used to suit the requirements.
The binary relevance (BR) method [1] is a common problem transformation method,
and it transforms a multi-label problem into multiple binary problems, each is to predict
the relevance of one label. It is obviously that BR treats each label independently, and
does not model relationships existing between class labels. Due to this, its performance
is not satisfying, and many methods have been proposed to improve it by exploiting
label relationships. Read et al. [16] proposed the CC model which is an important improvement over BR. By building chaining classifiers, CC overcomes the disadvantages
of BR and achieves higher performance, while retaining the computational complexity. In practice, the performance of CC heavily depends on the label order in the chain;
thus ECC is proposed to combine multiple CCs which are based on random labels orders. However, a potential problem of ECC is that it may generate unnecessarily large
ensembles, reducing its efficiency.
In traditional supervised learning, selective ensemble (a.k.a. ensemble pruning or
ensemble selection) [30, Chapter 6] is an active research topic, and many technologies
has been used to build selective ensembles, such as genetic algorithm [31], semi-definite
programming [29], clustering [9], sparse optimization [13]. Obviously, ECC is an ensemble of multi-label classifiers, making the current work essentially different.

3

The SECC Method

In this section, we present our proposed SECC method. Before describing the problem
formulation, we begin with some notations and preliminaries. Then, we transform the
problem to a convex optimization problem, and give a stochastic optimization solution.
3.1

Preliminaries and Problem Formulation

Let X be the instance space and L be a set of l labels. In multi-label learning, each
instance xi ∈ X is associated with multiple labels in L, which is represented as an
l-dimensional binary vector yi with element 1 indicating xi is associated with the k-th
label and −1 otherwise. Given a set of training examples S = {(xi , yi )}m
i=1 , the task of
multi-label learning is to learn a multi-label classifier h : X 7→ Y, where Y ⊆ {−1, 1}l
is the set of feasible label vectors, such that it can be used predict labels for unseen
instances. In practice, it is often to learn a vector-valued function f : X 7→ Rl which
determines the label of x as
ŷ = argmaxy0 ∈Y y0> f (x) .

(1)

It is clear that how the argmax is computed depends on the structure of Y; for example,
if Y = {−1, 1}l , ŷ is simply sign[f (x)].
Instead of learning one multi-label classifier, ECC constructs a group of CCs based
on random label orders, and combines them via voting for prediction. Without loss of
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generality, we denote the group of CCs as {h(t) : X 7→ Y}kt=1 , and ECC combines
them to produce the vector-valued function f : X 7→ Rl as
f (x; w) =

Xk
t=1

wt h(t) (x) ,

(2)

where w = [w1 , . . . , wk ]> is the weighting vector; for example, they are simply set to
1/k for the simple voting.
As discussed above, one problem with ECC is that the CCs generated based on
random label orders are redundant, which results in a large ensemble size, i.e., large
value of k. It can be found that in (2) the CC classifier h(k) will be excluded from the
ensemble if wk is zero, and the size of ensemble is exactly kwk0 . Based on this, our the
task of reducing the size of ECC becomes to finding a weighting vector w, such that
the performance of corresponding ensemble is better than or comparable to ECC, while
the ensemble size kwk0 is small.
3.2

A Convex Formulation

Here, we find the weighting vector w based on the principle of empirical risk minimization. That is, given the training example S = {(xi , yi )}m
i=1 , we consider to solve the
vector w by solving the following optimization problem.
min

w∈W

1 Xm
∆(yi , f (xi ; w)) s.t. kwk0 ≤ b ,
i=1
m

(3)

where W is the feasible space of w, 0 < b ≤ K is the budget of ensemble size, and
∆(yi , f (xi ; w)) is the empirical risk function measuring the loss of determining xi ’s
label vector by f (xi ; w) while its true label is yi . More specifically, in current work,
we consider the frequently-used performance measure F1-score, and define the loss
function ∆ as
∆(y, f (x; w)) = 1 − F 1(y, ŷ) ,

(4)

where ŷ is the label vector determined by f (x; w), and F 1(·, ·) is
F 1(y, ŷ) =

2tp
,
l + tp − tn

P
where tp = i=1 I(yiP
= 1 ∧ ŷi = 1) the number of groundtruth labels in the predicted
relevant labels, tn = i=1 I(yi = −1 ∧ ŷi = −1) counts how many predicted nonrelevant labels are truly non-relevant, and l is the number of possible class labels.
Convex Relaxation It is easy to see that the problem is not easy to solve, mainly
because the risk function ∆ is non-decomposable over labels, non-convex and nonsmooth. Inspired by some works on directly optimizing performance measures [10, 12]
which is generally based on structured prediction [19, 21], instead of directly minimize
the empirical risk as (3), in SECC, we consider to optimize one of its convex upper
bounds, which is based on the following proposition.
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Proposition 1 Given a multi-label classifier f : X 7→ RL in (2) and the empirical risk
function ∆ in (4), define the loss function `(y, f (x)) as
 0

`(y, f (x)) = max
(y − y)> f (x) + ∆(y, y0 ) ,
(5)
0
y ∈Y

where Y is the set of feasible label vectors, then the loss function `(y, f (x)) provides a
convex upper bound over ∆(y, f (x)).
Proof. It is obvious the loss function `(y, f (x)) is convex in f , because it is pointwise
maximum of linear functions. Let ŷ = sign[f (x)], i.e., the prediction determined by
f (x), it is easy to find that ŷ is the maximizer of y> f (x). Then, we can get
`(y, f (x)) ≥ ŷ> f (x) − y> f (x) + ∆(y, ŷ) ≥ ∆(y, ŷ) ,
thus `(y, f (x)) is an upper bound over ∆(y, ŷ), which completes the proof.



From the optimization problem (3), by replacing the risk function ∆(·, ·) with its
upper bound `(·, ·), and kwk0 with its continuous relaxation kwk1 , we can obtain the
optimization problem of SECC as
Xm
`(yi , Hi w) + λkwk1 ,
(6)
min
w

i=1

where λ is the regularization parameter and Hi ∈ Rl×k is the matrix collecting the
predictions of {h(t) }kt=1 on instance xi , i.e.,
Hi = [h(1) (xi ), · · · , h(k) (xi )] .
Obviously, the problem (6) is an `1 -regularized convex optimization problem, and we
solve it via stochastic optimization subsequently.
3.3

Stochastic Optimization

To solve the `1 -regularized convex optimization problem (6), we employ the state-ofthe-art stochastic optimization algorithm presented in [18], and the key is how to compute the subgradient of the loss function `(yi , Hi w) with respect to w. The following
proposition provides the method to compute the subgradient of `(yi , Hi w).
Proposition 2 Given an example (xi , yi ), a set of multi-label classifiers {h(t) }kt=1 and
a weighing vector w0 ∈ RK , denote pi = Hi w0 be the ensemble’s prediction on
example (xi , yi ), then the vector
g = (ỹ − yi )> Hi ,
is a subgradient of `(yi , Hi w) at w0 , where ỹ is the solution of the argmax problem


ỹ = argmaxy0 ∈Y y0> pi + ∆(yi , y0 ) .
(7)
Proof. It is obvious that the function `(yi , Hi w) is a pointwise maximum of linear
functions in w, then it is straightforward to obtain its subgradient if the maximizer of
(5) at w0 can be obtained. Actually, the argmax problem (7) solves the maximizer,
which completes the proof.
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Algorithm 1 Stochastic optimization algorithm for SECC
(t) k
Input: S = {(xi , yi )}m
}t=1 , regularization
i=1 , CC classifiers {h
parameter λ, step size η
Output: weighting vector w
1: let w = 0, % = 0 and p = 2 ln k
2: repeat
3:
select (xi , yi ) uniformly at random from S
4:
let Hi = [h(1) (xi ), · · · , h(k) (xi )] and pi = Hi w

5:
solve the argmax, i.e., ỹ ← argmaxy0 ∈Y y0> pi + ∆(yi , y0 )
6:
compute the sub-gradient, i.e., g = (ỹ − yi )> Hi
7:
let %e = % − ηg
8:
∀t, let %t = sign(%̃t ) max(0, |%̃t | − ηλ)
9:
∀t, let wt = sign(%t )|%t |p−1 /k%kp−2
p
10: until convergence

Algorithm Based on above proposition, we can present the stochastic optimization
method for solving the optimization problem (6), whose pseudocode is summarized in
Algorithm 1. Specifically, this algorithm is a stochastic subgradient descend method.
At each iteration, it first samples an example (xi , yi ) uniformly at random from data S,
and then compute the subgradient of `(yi , Hi w) (lines 4-6). Since the example (xi , yi )
is chosen
Pm at random, the vector g is an unbiased estimate of the gradient of the empirical
risk i=1 `(yi , Hi w). Next, the dual vector % is updated with step size η (line 7) so
that the empirical risk is decreased; and also it is truncated to decrease the regularizer
λkwk1 (line 8). Finally, the updates of % is translated to the variable w via a link
function in line 9. This procedure iterates until convergence. It is worth noting that, at
each iteration of Algorithm 1, we even do not need to compute the predictions on all
examples, and all the operations are very efficient as long as the argmax problem (7)
can be efficiently solved.
Solving the Argmax To make Algorithm 1 practical, it is obvious that the argmax
problem (7) needs to be solved efficiently. Noting that the feasible space of ỹ is of
exponential size (i.e., 2l ), and it is infeasible to solve it by exhaustive search. Fortunately, this problem has been studied in [10], and an efficient solution has been proposed.
Roughly speaking, the solution is based on fact that F1-score can be computed from the
contingency table (i.e., four numbers: true positive, true negative, false positive, false
negative) which take at most O(l2 ) different values. Algorithm 2 summarizes the pseudocode, and it is easy to see that its computational complexity is O(l2 ), where l is the
number of class labels.
Convergence & Complexity Based on Theorem 3 in [18], we can find that the number
of iterations of Algorithm 1 to achieve -accuracy is bounded by O(log k/2 ), where
k is the number of CC classifiers. Moreover, in each iteration, all the operations are
performed on one single example, and we can see that the computational complexity is
dominated by the argmax which as shown above can be solved by Algorithm 2 in O(l2 )
time. As a consequence, we can see that the method can converge to a -accurate solu-
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[10]

Input: true label vector y, current prediction p
Output: label vector ỹ
+
1: {i+
1 , . . . , ipos } ← sort {i | yi = +1} in descending order of pi ’s
−
2: {i1 , . . . , i−
neg } ← sort {i | yi = −1} in descending order of pi ’s
3: for tp = 0 to pos do
4:
f n = pos − tp
5:
set yi0+ , . . . , yi0+ to +1 and set yi0+ , . . . , yi0+ to −1
tp

1

6:
7:
8:

tp+1

for tn = 0 to neg do
f n = neg − tn
set yi0− , . . . , yi0− to +1 and set yi0+
1

fn

f n+1

pos

, . . . , yi0+

neg

to −1

9:
let v ← ∆(y, y0 ) + y0> p
10:
if v is the largest so far then
11:
ỹ = y0
12:
end if
13:
end for
14: end for

tion in at most O(l2 · log k/2 ) time. It worth noting that this computational complexity
is independent of m, i.e. the number of training examples, this constitutes one of the
appealing properties of SECC.

4

Experiments

In this section, we perform a set of experiments to evaluate the effectiveness of SECC.
Specifically, we first show the effectiveness of optimizing the upper bounds, and then
compare SECC with ECC and other state-of-the-art multi-label classifiers.
4.1

Configuration

The experiments are performed on image and music annotation tasks. Specifically,
– Image annotation tasks are Corel5k [5] which has 5000 images and 374 possible
labels, and Scene [1] has 2407 images and 6 possible labels;
– Music annotation tasks are CAL500 [24] which has 502 songs and 174 possible
labels, and Emotions [20] which has 593 songs and 6 possible labels.
The information of these tasks are also summarized in Table 1.
In the experiments, we first train an ECC of size 100, then build SECC upon it. We
compare SECC with BSVM [1] which trains one SVM for each label, and state-of-theart methods including the lazy method ML-kNN [28], label ranking method CLR [7]
and the full ECC combining all classifiers (denoted as ECCfull ). It is also compared
with the random strategy which selects classifiers randomly (denoted as ECCrand ) .
Specifically, LIBSVM [3] is used to implement the base classifier in BSVM and ECC;
the default implementation of ML-kNN and CLR in MULAN [22] are used.
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Fig. 2. The F1-score (left) and ensemble size (right) of SECC on the CAL500 task, during the
optimization procedure. Both the F1-score on training and test set are ploted.

For each task, these comparative methods are evaluated by 30 times random holdout
test, i.e., in each time, 2/3 for training and 1/3 for testing; finally, the mean F1-score over
30 times and the standard derivation are reported; also the sizes of ensembles generated
by SECC are reported. In each time of holdout test, SECCs choose the regularization
parameter λ by 5 fold cross validation on training set; ECCrand randomly selects N CC
classifiers to form the ensemble, where N is the size of SECC in this time.
4.2

Effectiveness of Optimizing the Upper Bound

A question naturally raised about SECC is whether it is effective to optimize the upper
bound of the empirical risk; in other words, whether optimizing the upper bound will
improve the performance?
To answer this question, we record the training and test performance on the CAL500
task where the parameter λ is set of 2−8 , and the results are shown in the left plot of
Fig.2. It can be seen that both the F1-score on training and test data improve as the number of iterations increases. This optimizing the upper bound is effective in improving
the performance. Also, we record the ensemble sizes of SECC at different iterations,
and plot then in the right plot of Fig.2. It can be seen that the ensemble size of SECC
decreases with the number of iterations increases. This results shows the effectiveness
of SECC in obtaining a smaller ensemble.
Moreover, we can see from Fig.2 that the performance tends to converge after some
iterations, i.e., the F1-scores converge after about 1500 iterations. Noting there are 502
examples in CAL500, this means we need to scan the data set for only three times, also
the operations in each iteration are very simple, so this method is efficient. For example,
on the CAL500 task, it takes only 1.5 seconds for 3000 iterations on a PC with Intel
Core 1.7GHz CPU, which is very efficient.
4.3

Performance Comparison Results

The F1-scores achieved by comparative methods are shown in Table 1, where the ensemble size of ensemble methods, including SECC, ECCfull and ECCrnd , are also given. For better comparison, we perform paired t-tests at 95% significance level to compare SECC with other methods, and the results are indicated in Table 1 by ‘•’(‘◦’).
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Table 1. Experimental results (mean±std.) achieved by comparative methods, which incudes the
F1-score and the ensemble sizes for ensemble methods (SECC, ECCfull and ECCrnd ). Also, the
information of each task is summarized, where #F, #L and #N indicate the number of features,
labels and examples, respectively. The mark ‘•’(‘◦’) indicates that SECC is significantly better
(worse) than the corresponding method based on paired t-tests at 95% significance level.
SECC

ECCfull

ECCrand

BSVM

ML-kNN

CLR

Corel5k: #F=499, #L=374, #N=5000
F1-score .149±.006 .134±.006• .127±.008•
Size
15.3±5.6
100.0
15.3±5.6

.135±.005• .016±.003• .034±.001•
–
–
–

Scene: #F=294, #L=6, #N=2407
F1-score .672±.002 .668±.012
Size
22.0±10.8
100.0

.595±.014• .675±.018
–
–

.657±.014•
22.0±10.8

.629±.009•
–

CAL500: #F=68, #L=174, #N=502
F1-score .384±.013 .323±.010• .333±.023•
Size
19.6±4.7
100.0
19.6±4.7

.314±.029• .322±.011• .405±.003◦
–
–
–

Emotions: #F=72, #L=6, #N=593
F1-score .619±.017 .618±.015
Size
63.7±21.2
100.0

.614±.014
–

.612±.016
63.7±21.2

.602±.029• .622±.016
–
–

It can be seen from these results that the performance of SECC is quite promising.
Compared with the full ensemble ECCfull , it achieves 3 significant better F1-scores,
while the ensemble size is much smaller. For examples, on Corel5k, the F1-score is
improved from 0.134 to 0.149, while the ensemble size is reduced to 15.3; on CAL500
the F1 score is improved from 0.323 to 0.384, whiles the ensemble size of reduced
from 100 to less than 20; even on Scene and Emotions, SECC still achieves comparable
performance to ECC, but it still reduces the average ensemble size to 22.0 and 63.7,
respectively. Compared with ECCrand which choose CCs randomly, SECC achieves
significantly better performance on Corel5k, CAL500 and Scene, and comparable F1score on Emotions. All of these results show the effectiveness of SECC, in both reducing
the ensemble sizes and improving the performance.
Comparing with other methods, we can see that the performance of SECC is significantly better than BSVM and ML-kNN on three tasks, also its performance is comparable against the state-of-the-art methods CLR (i.e., 2 wins and 1 loss). It is not hard to
find that the superiority of SECC mainly inherits from the good performance of ECC.
In summary, SECC inherits from the good performance of ECC while improve its
efficiency by generating smaller ensembles.

5

Conclusion and Future Work

Noticing that ECC tends to generate unnecessarily large ensembles, in this paper, we
propose selective ensemble of classifier chains (SECC) and it is expected that it can
reduce the size of ECC whilst keeping or improving its performance. Specifically, after
obtaining multiple CCs, instead of combining all of them by voting like ECC, SECC
tries to select some of them to composite the ensemble. In this paper, by focusing on
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the frequently-used performance measure F1-score, we formulate this selection problem as an `1 -norm regularized convex optimization problem, and present a stochastic
subgradient descend method to solve it. Experiments on image and music annotation
tasks shows the effectiveness of the proposed method.
In this work, we consider the CC classifier as a common multi-label classifier which
has multiple outputs. In practice, CC itself is a group of single-label classifiers, hence
it will be interesting to consider SECC at the level of such binary classifiers.
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